Nanorod solar cells have been attracting a lot of attention recently, as they have been shown to exhibit a lower carrier multiplication onset and a higher quantum efficiency than quantum dots with similar bandgaps. The underpinning theory for this phenomenon is not yet completely understood, and is still the subject of ongoing study. Here we conduct a theoretical investigation into CM efficiency in elongated semiconductor nanostructures with square cross section made of different materials (GaAs, GaSb, InAs, InP, InSb, CdSe, Ge, Si and PbSe), using a single-band effective mass model. Following Luo, Franceschetti and Zunger we adopt the CM figure of merit (the ratio between biexciton and single-exciton density of states) as a measure of CM efficiency and investigate its dependence on the aspect ratio for both (a) constant cross section (i.e. varying the volume) and (b) constant volume (i.e., varying the cross section), by decoupling electronic structure effects from surface-related effects, increased absorption and Coulomb coupling effects. The results show that in both (a) and (b) cases elongation causes an increase in both single-and bi-exciton density of states, with the latter, however, growing much faster with increasing energy. This leads to the availability of more bi-exciton states than single-exciton states for photon energies just above the bi-exciton ground state and therefore suggests a higher probability of CM at these energies for elongated structures. Our results therefore show that the origin of the observed decrease of the CM threshold in elongated structures can be attributed purely to electronic structure effects, paving the way to the implementation of CM-efficiency-boosting strategies in nanostructures based on the lowering of the CM onset.
Introduction
In conventional photovoltaic devices, the absorption of a photon always creates a single pair of oppositely charged particles (electrons and holes), regardless of the photon energy. In a semiconductor nanocrystal (NC) of a suitable material, multiple electron-hole pairs can be generated upon the absorption of a single high-energy photon, their number depending only on the photon energy 1 . Thanks to this process, called carrier multiplication (CM), or multiple exciton generation (MEG), a more efficient and complete conversion of solar energy into electric current could be achieved in a NC-based solar cell 2 and at the same time the detrimental heat generation that accompanies conventional conversion could be reduced.
Unfortunately, despite experimental confirmation of CM in a wide range of materials 3-7 , CM-based solar cells are still far from yielding multiplication factors even close to 2 (i.e., the best recorded internal quantum efficiencies are still far from 200%) 8, 9 . What is more, the mechanism behind CM itself is still unclear and many aspects of it remain controversial. In particular it has been observed experimentally that elongated nanostructures exhibit higher CM efficiencies which are associated with lower CM onsets. The origins of this effect are however not clear. Multiple factors could be responsible for it: (i) the larger volume of the rod, when compared with a spherical structure with the same band gap, leading to a larger absorption cross section, (ii) a larger surface-tovolume ratio, leading to an increase in surface-related effects (such as ligand-or trap-mediated processes or other environmental effects), (iii) a different electronic structure leading to an increased (biexcitonic) density of states (DOS), (iv) the enhanced Coulomb coupling that binds electrons and holes into well defined 1D excitons , leading to bimolecular (i.e., twobody) Auger interactions between the two excitons in rods 10 , compared to the three-body interactions between free carriers in spherical NCs 11 , or some other unknown cause. Here we investigate the possible origins of the observed lowering of the CM onset by decoupling electronic structure effects (iii) from surface-related effects (ii), absorption effects (i), and effects due to enhanced Coulomb interaction (iv). By using a singleband effective mass model with an infinite potential barrier, we prevent the carriers wave functions from sampling the surface, effectively removing surface effects (ii) from the calculation. At the same time this approach allows us to investigate a range of elongations otherwise inaccessible to more accurate atomistic approaches, due to the prohibitively large number of atoms involved. By describing excitons in the single-particle picture, where E(X) = E(e i ) + E(h j ) + E bulk g (see (2)), we 1-10 | 1 in elongated nanostructures correlate with theoretical predictions of reduced values for E 0 , thereby establishing a close correspondence between critical energy and CM efficiency.
While the size-tunability of the band-gap is well established in NCs, a model for the tunability of the CM onset requires a careful consideration of the band-structure and in particular of the distribution of states just above the bi-exciton ground state energy 2E g . A theoretical study on the effects of the band structure on CM efficiency was conducted by Luo et al. 22 using the infinite-barrier truncated-crystal approximation (TCA) within the semi-empirical pseudopotential method. They calculated the CM FoM for cubic NCs of different sizes (l=6a 0 , 8a 0 and 10a 0 , where a 0 is the lattice constant), made of different materials, and found that it was larger for PbSe, Si, GaAs, CdSe, and InP, suggesting a lower CM onset and therefore higher efficiency for these materials. They concluded that high CM efficiency requires high degeneracy in the bulk band-edge states. As a consequence of its peculiar electronic structure 24 , where both CBM and VBM are located at the 4-fold degenerate L-point, PbSe was shown to have the highest CM FoM. Conversely, InAs was found to have one of the lowest efficiencies, from this point of view, given its large Γ-L and Γ-X spacings in the bulk, which prevent any confinement-induced Γ-to-L and Γ-to-X electronic transitions in small NCs. In other materials (such as GaAs, InSb, and GaSb), small Γ-L spacings in the bulk cause the electron states to derive from the L-point Bloch state, in sufficiently small NCs, leading to larger CM efficiencies.
Since the publication of Luo's work, advances in colloidal synthesis techniques have paved the way for the manufacture of cubic nanostructures (cubic quantum dots and squaresectional quantum rods) for a variety of semiconductors of different sizes 25-28 using self assembly techniques. Interestingly, cubic structures have been shown to have a higher packing density than spherical dots 29 . This could lead to more highly efficient devices sitting on the same substrate, and therefore harnessing even more energy from sunlight. Furthermore, although experimentally the CM onset has been shown to be independent of the NC size, for spherical NCs of a specific material 14,30 , it has recently been found to depend on the NC shape [31] [32] [33] [34] [35] . Therefore further theoretical and experimental work is required on this subject 36 to shed light on these experimental findings.
One interesting line of enquiry would be an investigation into the effects of elongation. Unlike in spherical or cubic structures, where electrons and holes experience equal quantum confinement in all three spatial dimensions, in an elongated structure the confinement is relaxed along one dimension, creating a quasi one dimensional system where the bandgap is largely determined by the smaller dimensions. However, as the elongation increases, the decrease in the confinement energy along that direction reduces the energy spacing between neighbouring states, increasing the DOS in both valence and conduction bands.
Klimov's group was the first to show experimental evidence to support the claim that the CM onset is a useful parameter in determining the CM efficiency for PbSe NCs 12 , further emphasizing the importance of the former being as close to 2E g as possible 36 . More recent experimental studies investigating the behaviour of this characteristic in quantum rods have observed a general reduction in the CM onset for PbSe quantum rods compared to their dot-like siblings with similar bandgaps. However, the energy value to which the onset converges with elongation and the aspect ratio at which convergence is achieved are still controversial 32-34 . Cunningham et al. 32 measured an increase of CM efficiency and a concomitant reduction of E onset from 2.9 to 2.33 for aspect ratios increasing from 1 to 4-5 in cylindrical structures with a diameter of 4.4 nm, while Sandberg et al. 33 observed a decrease from 3.2 to 2.6 in the electron-hole pair creation energy for aspect ratios reaching up to 7-8, albeit in narrower structures, with typical diameters of 3-3.6 nm.
This strong interest in PbSe nanostructures originates from a number of reasons. Firstly the bandgap is small enough to allow CM for low energy photons corresponding to the infrared region of the electromagnetic spectrum. Secondly, the unique band structure gives an extra 4-fold degeneracy in both conduction and valence band edges 24 . Also, the relatively large dielectric constant causes a reduction in carrier-carrier interactions, leading to an increase in the exciton Bohr radius, which can, in theory, be up to the length of the rod 10 . However nanostructures made of a number of other materials may offer alternative advantages: e.g., ease of integration with existing Si-based technology (Si and Ge), more ideally placed bandgap for solar absorption (InAs, InSb), more mature colloidal technology (CdSe, CdS), etc. We therefore decided to screen a large sample of different materials.
We aim to first validate our method by comparing its results for non-elongated structures with the CM critical energies calculated by Luo et al. 22 . We will therefore consider cubic NCs with the same dimensions as those used in reference 22 , which, as mentioned above, are now experimentally accessible in a variety of semiconductor materials and in different sizes. [25] [26] [27] [28] 
Methods
The electronic structure in both the conduction (CB) and valence band (VB) is calculated using the eigenvalues solutions of the Schrödinger equation for a quantum box with an infinite confining potential (the charge distribution of the 6 lowermost states is shown in Fig. 2a ):
Page 3 of 10 Physical Chemistry Chemical Physics where the effective mass parameters listed in table 1 were used. In order to make sure that all energy levels within a specific energy window [E min , E max ] are included in the calculated DOS, a maximum quantum number n max (n = i, j, k) is pre-calculated, defined as the highest quantum number yielding an energy within the window while the other two (m, l = n) are set to one. e.g. E 1,1,k max < E max and E 1,1,k max+1 > E max .
The single-exciton energies E X are then obtained as
where E bulk g is the bulk band gap for the given semiconductor material (possible single-exciton configurations are schematically shown in Fig. 2b in the single-particle picture, together with their charge density - Fig. 2c ). In our approach we therefore neglect (a) higher energy bands (such as the L valleys in GaAs, GaSb and InSb), (b) band anisotropies, and (c) excitonic effects, the most important of which is the red shift of the band edge due to electron-hole Coulomb attraction. Furthermore, the infinite potential is known to overestimate the confinement energy, as in reality there is a finite probability of the carriers to exist in the barrier. One possible strategy to compensate for this, is to model the structure as being slightly larger than its actual dimensions. Bryant et al. 37 showed that a better agreement with the measured optical gaps could be achieved by assuming L ′ = 1.3L, where L ′ is the overestimated cross sectional width of the dot. Here we choose not to follow this route and let the reader decide which size to use in the comparison with experiment (indeed the ratio between two consecutive sizes considered in this work6a 0 , 8a 0 and 10a 0 -is nearly 1.3). It has been suggested 22 that the inclusion of higher valleys [point (a) above] is important in the calculation of the DOS. However, here we are mainly concerned with the determination of the energy E 0 at which the ratio between the DOS is equal to 1. This quantity may be less sensitive to the details of the band structure at high energy. Indeed our calculated values for E 0 show a reasonable agreement with the results of the TCA (see Fig. 8 below) , where the effects of higher bands are properly taken into account 22 .
This result therefore provides a validation a posteriori of our simple approach. The electronic structure of semiconductor nanocrystals has been previously investigated using a variety of theoretical approaches: (i) effective mass models and k · p methods [38] [39] [40] [41] , often provide analytical solutions which are easier and more intuitive to understand than the numerical results of atomistic methods, such as (ii) the tight-binding method [42] [43] [44] [45] [46] [47] , (iii) the semi-empirical pseudo-potential method, 48, 49 , and (iv) fully self-consistent ab-initio methods, based on density functional theory [50] [51] [52] [53] [54] [55] [56] [57] .
One advantage of the continuum single-band effective mass approach over atomistic methods is computational simplicity: the latter can become expensive when simulating very large structures such as nanorods, containing tens of thousands of atoms. Another attractive aspect of this choice is the possibility of completely decoupling the NC core from its surface in the calculations and therefore isolating electronic structure effects from possible environmental effects (such as interactions at the surface with ligands, unsaturated bonds, and the solvent), by using infinite potential barriers which prevent the carriers' wave functions from sampling the nanostructure's surface.
We are interested in the densities of exciton and bi-exciton
